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Abstract
Many industrial processes involve particles in a carrier fluid and it
is often of interest to noninvasively monitor the size of these particles.
The aim of this paper is to develop a theoretical model of multiple
particle-wall impact vibrations that can be used to recover the parti-
cle size from experimental data. These vibrations have been measured
∗corresponding author: Department of Mathematics, University of Strathclyde, Liv-
ingstone Tower, 26 Richmond Street, Glasgow G1 1XH, U.K., Tel: ++44 (0)141 548 2971,
Fax: ++44 (0)141 548 3345, email: ajm@maths.strath.ac.uk
1
by an ultrasonic transducer attached to the exterior of a vessel con-
taining a stirred particle laden fluid. A linear systems model is derived
for the response of the piezoelectric ultrasonic transducer which has
a single matching layer. The acceleration power spectrum of these
vibrations has been shown experimentally to contain information on
the size of the impacting particle. In particular, the frequency of the
main spectral lobe is inversely proportional to the particle size. We
present a theoretical model that agrees with this empirically observed
phenomenon. The theoretical model is then used to simulate multi-
ple particle-wall impacts, with each particle impacting at a randomly
chosen location. A set of theoretical vibration spectra arising from
multiple particle-wall impacts are integrated and compared to the ex-
perimental data. The ability of this approach to distinguish between
different particle sizes is clearly shown.
1 Introduction
Ultrasound is useful as a non-invasive particle measurement technique in
industrial settings as it can be transmitted through opaque materials and can
be used in hazardous, high temperature and high pressure environments [1, 2].
No observation windows or in-line sampling is therefore required, making this
technique non-invasive and non-destructive, with the additional advantage of
allowing multi-point on-line measurements to be made [3].
The case of a particle laden fluid being continuously stirred in a reactor
vessel is considered in this paper, wherein the particle’s impact with the
vessel wall, and the subsequent vibrations, are measured by an ultrasonic
transducer [3]. The acceleration power spectrum of these vibrations contains
information that could potentially be used to recover the particle size. Recent
experiments have shown that the area under this power spectrum, over a
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particular frequency range, can be used to empirically segregate the different
particle sizes. The vibration spectra are often noisy and so the integration
procedure serves to smooth out the spectra, making it easier to identify
features in the spectra.
In this paper an analytical expression for the form of the acceleration
power spectrum is discussed and its explicit dependency on the system pa-
rameters is shown. This theoretical model can then be used to facilitate the
inverse problem of recovering the particle size from experimentally obtained
impact data. We construct a model of the ultrasonic transducer to allow its
effects to be incorporated into the comparison between the model and the
experiment. In industrial settings, the recorded impact spectra arise from
many particle-wall impacts. In this paper we also investigate the effect that
this has on the vibration spectra. In particular, we will examine the effect
that a distribution of impact locations has on the ability to recover particle
size information.
2 Theoretical model showing the explicit de-
pendency of the vibration spectrum on the
system parameters
In order to derive a sufficiently simple model for the particle-wall impact vi-
bration spectrum, a number of assumptions are made. The radius of the fluid
filled vessel is far larger than the impacting particle diameter. As such, the
particle experiences a relatively flat surface. The impact vibrations radiate
outwards from the point of impact and, due to the large extent of the vessel
wall, any vibrations from the boundaries can be ignored. Hence a larger cir-
cular plate is the natural choice with which to approximate the geometry. A
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relatively large thin plate is considered so that the amplitude of the flexural
vibrations dominates; the frequency of interest will also be well removed from
the frequency of the main longitudinal harmonics in the thickness direction.
The centre of this plate is dictated by the point of impact of the particle and
each particle instigates a train of radially outward travelling flexural waves.
These waves attenuate and dampen before they reach the distant boundaries
of the cylindrical vessel. Any subsequent reflected waves would have a very
low amplitude relative to the initial impact and therefore only the axisym-
metric vibrations are considered. It is assumed that the collision is elastic,
with no permanent deformations remaining after the impact. By assuming
that the particle-plate contact time is less than the time taken for a wave to
reflect off the plate extremities and return to the impact location, the Hertz
contact theory coupled with Zener’s treatment of a non-rigid plate of finite
thickness can be used [4]. The model is also simplified by ignoring extra-
neous vibrations, arising from the stirrer for example, by ignoring the fluid
loading, and by assuming that the particle is spherical. In the experiments,
the particles are sieved into size categories and so a particle size distribution
exists. However, the model will assume a single particle size given by the
mean of this distribution. The equation of motion for a clamped circular
plate of radius a initially undeformed and at rest, subject to a force F is [5]
u(r, t) = 1M
∞
∑
n=1
φn(0)φn(r)
ω∗n
∫ t
0
F (τ)e−ξωn(t−τ) sin (ω∗n(t − τ)) dτ, (1)
where M = ρplpia2h is the mass of the plate, ρpl is the plate density, r is the
distance from the transducer to the particle impact point along the vessel
wall, and h is the plate thickness. The eigenfunctions φn(r) of the plate are
given by [4]
φn(r) =
1√
2
(J0(γnra )
J0(γn)
−
I0(γnra )
I0(γn)
)
, (2)
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where γn are the roots of the equation J0(γn)I1(γn)+J1(γn)I0(γn) = 0, J0, J1
are Bessel functions of the first kind of order zero and one respectively, I0, I1
are hyperbolic (modified) Bessel functions of order zero and one respectively,
ωn are the natural frequencies of the plate given by
ωn =
(γn
a
)2
√
D
hρpl
, (3)
D is the flexural rigidity of the plate, ω∗n = ωn
√
1 − ξ2 and ξ is the damping
coefficient. The impact force F (τ) is given by
F (τ) = k(σ(τ)Tu0)3/2, (4)
where T = (m/(u1/20 k))2/5, m is the mass of the particle, u0 is the impact
velocity, k is given by k = 4/3
√
b((1 − ν2pl)/Epl + (1 − ν2b )/Eb), b is the
particle radius and νb, νpl, Eb and Epl are the Poisson’s ratios and Young’s
moduli of the particle and plate materials. In general the impact velocity
u0 depends on the fluid and vessel properties, the stirrer rotation speed and
the particle size [6]. The function σ(τ) can be approximated using a regular
perturbation expansion in the inelasticity parameter [7] In the application
considered here, the particles are small, the impact velocities are low and the
plate is relatively stiff and thick. Hence, expanding in the small parameter,
ε = 1a2ω0
√
D
hρpl  1, where ω0 is the (angular) frequency associated with the
contact duration between the particle and the vessel wall, the frequency of
the maximum lobe ωmax can be written as [7]
ωmax = κ1u1/50 b−1ρ
−2/5
b
(1 − ν2pl
Epl
+ 1 − ν
2
b
Eb
)−2/5
+ κ2E1/2pl h(1 − ν2pl)−1/2ρ
−1/2
pl a−2 + O(ε2), (5)
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where κ1and κ2 are constants. Equation (5) shows the explicit dependency of
ωmax on the system parameters. Experimental observations of the vibration
spectra arising from particle-wall impacts have shown that the frequency of
the main spectral lobe is sensitive to changes in the system parameters [3].
In particular, the main lobe has been observed to shift its frequency location
as the particle size changes. For small particle sizes the first term in the
series dominates and this shows that the position of the main lobe in the
spectrum is independent of the plate radius a. For larger particle sizes the
second term in the series becomes important and so now the main lobe shifts
to a lower frequency as the plate area is increased. Experimental work has
also shown that the amplitude of the vibration spectrum, and the area under
the spectrum, can be related to the particle concentration [3]. The amplitude
of the main lobe can be written as [7]
u¨max = χ1u13/50 b3/2ρ
2/5
b a−1ρ
−3/4
pl h−3/2
(1−ν2pl
Epl
+1−ν
2
b
Eb
)−3/5(1−ν2pl
Epl
)1/4
+O(ε1/2).
(6)
where χ1 is a constant. In general the impact velocity will be a function of
the particle size b. However, for the simple case of a particle being dropped
onto a circular plate that we shall discuss later, the velocity is independent of
the particle size. The amplitude of the main spectral lobe therefore increases
as the particle radius increases.
3 Modelling the reception sensitivity spec-
trum of the ultrasonic transducer
The analysis presented so far has neglected the effect that the ultrasonic
transducer has on the form of the vibration spectra arising from the particle-
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wall collision. In this paper, a Linear Systems Model [8] of an ultrasonic
transducer in reception mode with one matching layer is derived. This one
dimensional (in space) model treats the transducer as a series of layers. The
governing equations are solved in each layer and interface and boundary
conditions are then imposed. This gives rise to a transfer function for the
device that converts the force of impact on its front face to a voltage; the
reception sensitivity. Figure 1 shows the various layers of a typical device.
The mechanical vibrations in each layer are governed by the one dimensional
V
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Figure 1: Diagram showing the layers of the transducer where xi is the
local co-ordinate in layer i, Li is the thickness of layer i and Ai (Bi) is the
amplitude of a displacement wave travelling to the right (left).
wave equation
∂2ui(xi, t)
∂t2 =
Yi
ρi
∂2ui(xi, t)
∂x2i
, (7)
where ui(xi, t) is the mechanical displacement in layer i, Yi is its Young’s
modulus (effective for the active layer) and ρi is its density. Applying a
Laplace transform with respect to time (L(ui(xi, t)) → u¯i(xi, s)), noting that
v2i = Yi/ρi, where vi is the wave speed and assuming that the displacement
and wave speed are initially zero, gives
u¯i(xi, s) = Aie−
s
vi
xi + Bie
− svci
xi. (8)
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The piezoelectric equations that relate the mechanical and electrical proper-
ties of this layer are [8]
σs = Y S − hpDs, (9)
and El = −hpS +
Ds
p
, (10)
where σs is stress, S is strain, hp is the piezoelectric constant, Ds is electrical
displacement, El is the electric field and p is the permittivity (the layer
subscript has been temporarily omitted for clarity). Note that in the other
(non-piezoelectric) layers, hp = 0. Combining equations (8) and (9), and
assuming that there is no free charge inside the transducer, gives the force
on layer i as
F¯i = sZci(−Aie
− svi xi + Bie
s
vi
xi) + hpV¯isZE
, (11)
where Zci = ρiviΘ is the acoustic impedance, V¯i is the voltage across the layer
of thickness i and ZE is the impedance of the electrical load. The voltage
across a layer of thickness L is given by
V¯ =
∫ L
0
E¯ldx, (12)
and so equations (8) and (10) give
V¯ = −hp(AT (e−stT − 1) + BT (estT − 1))−
V¯
sZEC0
, (13)
where C0 = Θp/L is the clamped capacitance and tT = LT /vcT is the time
taken by a mechanical wave to traverse the active layer T . That is
V¯ = −U¯hp(AT (e−stT − 1) + BT (estT − 1)), (14)
where U¯ = sZEC0/(1 + sZEC0).
8
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Figure 2: Reflection coefficients, Ri, and transmission coefficients, Ti, for
each layer i of the transducer with impedances Zi.
3.1 Interface and boundary conditions
The displacement, force and voltage in each layer of the transducer is given by
equations (8), (11) and (14) (see Figure 1). In the backing layer it is assumed
that any wave entering this layer is sufficiently damped that no reflected wave
travelling to the right exists (i.e. AB = 0). The seven unknowns, Ai and
Bi, are found by applying layer and interface conditions of continuity of
displacement and force.
The reflection coefficients Ri, and transmission coefficients Ti, between
adjacent layers, are defined in terms of the mechanical impedances (see Figure
2). For example, RB = (ZcT −ZcB)/(ZcT +ZcB) and TB = 1+RB. The system
of equations that arise are solved to give the voltage across the transducer as
V = − UhpK1BL(1 −RL)(1 −RM )1 − (h2pU)/(s2ZE)(K2/(ZcM + ZcT ) + K3/(ZcB + ZcT ))
. (15)
where
K1 =
(1 − e−stT )(1 − RBe−stT )e−stM
RLe−2stM (RM − RBe−2stT ) + (1 −RMRBe−2stT )
, (16)
K2 =
(1 − e−stT )(1 −RBe−stT )(1 + RLe−2stM )
RLe−2stM (RM − RBe−2stT ) + (1 −RMRBe−2stT )
, (17)
K3 =
(1 − e−stT )((1− RMe−stT ) + RLe−2stM (RM − e−stT ))
RLe−2stM (RM − RBe−2stT ) + (1 − RMRBe−2stT )
. (18)
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Parameter Value Units
Young’s modulus ET 1.57 × 1011 kgm−1s−2
Density ρT 7.50× 103 kgm−3
Cross-sectional area Θ 0.10 m2
Piezoelectric constant hp 2.60× 109 Vm−1
Permittivity p 1.08 × 10−8 F m−1
Impedance of electrical load ZE 50 Ω
Thickness LT 2.29 × 10−2 m
Table 1: Material properties of the active material PZT5H of the transducer.
Parameter Value Units
Specific acoustic impedance of backing layer ZcB 2.00 MRayls
Specific acoustic impedance of matching layer ZcM 11.3 MRayls
Specific acoustic impedance of matching load ZcL 3.7 MRayls
Table 2: Material properties of the backing layer (rubber, subscript B),
matching layer (subscript M) and load layer (glass, subscript L) of the trans-
ducer.
Since the incident force on the front face of the matching layer is FL =
sZcLBL, then an expression for the reception sensitivity is given as
V
FL
= − UhpK1TL(1 − RM)/sZcM1 − h2p(K2TM/2 + K3TB/2)U/(s2ZcT ZE)
. (19)
4 A comparison between the theoretical pre-
dictions and experimental results
An experiment involving multiple particle-wall impacts has been performed
using itaconic acid particles stirred in toluene; full details of the experiment
are given elsewhere [3]. A Nano 30 ultrasonic transducer [9] was used to
receive the particle-wall impact vibrations of three different itaconic acid
particle diameter categories; S: particles with diameter less than 250µm, M :
particles with diameter lying between 250µm and 500µm and L: particles
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with diameter lying between 500µm and 850µm. These particles were stirred
continuously in 500mL of toluene at 250 rpm in a bell-shaped reactor with an
oil jacket to control the temperature. The vibrations detected by the trans-
ducer underwent a Fast Fourier Transform (FFT) to produce a frequency
response spectrum.
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Figure 3: Comparison of the experimentally measured Nano 30 piezoelectric
transducer response (normalised) and the transducer response given by the
theoretical model, equation (19). Tables 1 and 2 give typical parameter
values.
Figure 3 compares the experimentally measured response of the Nano 30
piezoelectric transducer [9] with the model given by equation (19). There is
very good agreement between the theoretical predictions and the measured
response. The transducer has its highest sensitivity around 100 kHz which
is in the neighbourhood of the frequency associated with the particle impact
ω0/(2pi) ∈ (40kHz, 140kHz).
To mimic the application of the above model to the experimental setting
a multi-particle model is created from a series of time shifted single particle
simulations. The plate displacement in the time domain signal arising from
each particle impact is obtained using equations (1) and an approximation
to equation (4) [7], where the time of impact is randomly selected. These
staggered time signatures are then summed to give the overall vibration
arising from these impacts. The plate acceleration culminating from all these
impacts is obtained by differentiating with respect to time and an FFT is
11
Parameter Symbol Value
Plate radius a 0.1m
Plate thickness h 0.01m
Vessel radius R 0.1m
Damping coefficient η 0.01
Stir rate ω 250 rpm
Table 3: Experimental parameter values.
units Glass Itaconic Air Toluene
Acid
Density kgm−3 2230b 1573c 1.2d 865c
ρ
Poisson’s Ratio - 0.21b 0.5a - -
ν
Young’s Modulus Nm−2 6.3×109 b 1×109a - -
E
Viscosity kgm−1 s−1 - - - 6.8×10−3 e
µ
Table 4: Material Properties: a : [10], b : [11], c : [12], d : [13], e : [14].
applied to give the desired acceleration power spectrum. The process can
then be repeated and, by varying a system parameter, a three dimensional
plot can be created. Due to computational costs in running the model, the
number of particles impacting has been restricted to ten in this paper.
The simulations vary each particle’s impact position (r) on the plate (as
given by its distance from the transducer). To mimic particles arriving at
random locations, this distance r is chosen randomly from a normal distri-
bution. The output from this simulation is presented as a three-dimensional
plot so that shifts in the frequency of the main lobe (ωmax) (and its amplitude
u¨max) in the plate acceleration spectrum can be visualised as the particle size
is varied. Equation (5) predicts that the frequency shift in the main lobe in
the plate acceleration spectra, ωmax, varies inversely with particle size b. For
each particle size, the smoothed spectra are normalised to emphasise any
trends in ωmax (see Figure 4(a)). This does, however, also emphasise any
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low frequency noise particularly for the smaller particles. Figure 4(a) shows
how the spectrum varies as the particle diameter increases and it shows that
ωmax is inversely proportional to the particle diameter, in agreement with
equation (5).
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Figure 4: Plot of the (a) normalised and (b) non-normalised, FFT of the
plate acceleration (given by equation (1) and an approximation to the force of
impact [7]) with 10 particles. The impacting particle radius (b) is varied and
a random impact position (r) is used for each particle (normally distributed
with mean 0 and standard deviation 7mm). (Tables 3 and 4 contain typical
parameter values).
Equation (6) gives the maximum amplitude of the plate acceleration spec-
tra and explicitly gives its relationship with various system parameters. The
relationship between the vibration spectra and the particle size is of par-
ticular interest in this paper, and equation (6) shows that the maximum
amplitude of the acceleration spectra varies with the particle size raised to
the power 3/2. By replotting Figure 4(a), with the normalisation stage re-
moved, Figure 4(b) shows that the maximum amplitude of the FFT of the
plate acceleration does increase with the particle size in a power law fashion.
The corresponding experimental data are shown in Figure 5; note that the
units of the vertical axis are arbitrary due to the different parameters used
in the Fast Fourier Transform calculation used in each case. It can be seen
that both the experiment and the theory predict a main lobe in the acceler-
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ation power spectrum around 100kHz. Importantly, this main lobe shifts to
a lower frequency as the particle size increases. There is also, as predicted
by equation (6), a corresponding rise in the amplitude.
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Figure 5: The vessel wall vibration spectra arising from the itaconic acid in
toluene experiments. Three different particle size ranges (in µm) are shown.
Tables 3 and 4 show typical parameter values.
In order to capture this behaviour as a function of the particle size, the
area under this spectrum between 55kHz and 200kHz was calculated and
plotted as a function of the particle size (see Figure 6. In order to circumvent
the arbitrary units and compare the theoretical predictions (Figure 4)(b) with
the experimental output (Figure 5), this value is normalised by dividing by
the area under the spectrum between 55kHz and 500kHz. Figure 6 compares
this calculation for the experimental data and the model predictions. It also
shows the effect that convolving the impact vibration spectrum with the
transducer response has. It can be seen that there is reasonable agreement
between the theory and the experiment. Importantly, this approach is able
to distinguish between different sizes of impacting particle. Convolving the
impact model with the transducer response (full line in Figure 6) slightly
improves the predictive capability of the model.
The key parameter to be recovered from the experimental data is the
particle size but it is also useful to investigate the effects of the modelling
assumptions. For example, the vessel wall is modelled as a circular plate. In
14
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Figure 6: Comparison between the experimental vibration data from the
Itaconic acid particles stirred in toluene and the theoretical model. The
area under the acceleration power spectrum between 55kHz and 200kHz is
normalised by the area calculated between 55kHz and 500kHz. The black
squares denote the experimental data, the dashed line is the multi-particle
model given by equation (1), and the full line is the same model but convolved
with the transducer response given by equation (19).
the experiments the wall is curved and bell-shaped and so the radius of this
plate is unknown. It is therefore useful to investigate the sensitivity of the
model (and experimental) results to variations in this parameter. To this end
a second set of experiments were performed that involved dropping a spherical
glass particle of known size onto thin circular glass plates (see Table 4 for
parameter values). The glass particles were in size categories of 850-1000µm,
1200-1400µm and 1500-2000µm and each one was dropped in turn onto plates
of thickness 0.004m and radii of 0.05m, 0.1m and 0.15m. The area under
the acceleration power spectrum for 75-500kHz was then calculated for each
experimental scenario. This calculation was also performed for the model.
Figure 7 shows that the model and experiment compare particularly well.
The results suggest that the vibration spectrum is relatively insensitive to
the plate radius, particularly for smaller particles. As this is an unknown in
most practical settings then this is a positive result. For the larger particles
there is a slight decreasing trend in the model prediction as the plate size is
increased. This is in agreement with our earlier analysis that showed that
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the frequency of main spectral lobe was only sensitive to changes in the plate
radius when the particle size was large.
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Figure 7: Comparison of results from the single particle experiments with the
model predictions given by equation (1) convolved with the transducer model
response given by equation (19). The area under the acceleration power
spectrum is integrated between 75 and 500 kHz. The particles were dropped
from a height of 0.6m, the plate thickness was 4mm and the plate radius was
varied from 0.05 m to 0.15 m. Three different particle size categories were
used (squares 1500 to 2000 µm, circles 1200 to 1400 µm and triangles 850 to
1000 µm). Tables 3 and 4 contain typical model parameter values.
5 Conclusions
A methodology to utilise passive ultrasound measurements of particle-wall
impacts to segregate the particle sizes in a carrier fluid has been experimen-
tally shown. In order to convert this ability to segregate into a means of
recovering the particle size a theoretical model, for a single particle vessel
wall impact, has been derived. In a practical situation there will normally
be many concurrent impacts occurring over a region of the vessel wall in the
vicinity of the transducer. Hence, in this paper, these multiple particle-wall
impacts were simulated by summing a series of single particle impact vibra-
tions, staggered over time, with the impact position also being randomly
varied for each particle. The relative effect that the particle size has on the
16
form of the resulting vibration spectrum was then analysed and compared to
some experimental data.
In order to make a better comparison between theory and experiment a
linear systems model of a piezoelectric ultrasonic transducer, with a single
matching layer, has been derived in this paper. Good agreement between the
model and experimentally measured impulse response of the transducer was
achieved.
Experimental data arising from the vessel wall impact vibrations of ita-
conic acid particles in a toluene carrier fluid were used. Since the main
parameter of interest to ultimately be recovered using this approach is the
particle size, some multi-particle simulations of the model were presented.
These showed that the main lobe in the spectrum, the one associated with
the particle impact (ω0), shifted to a lower frequency as the particle size
increased. The simulations also showed that the amplitude of this lobe in-
creases in a power law fashion. These findings are in agreement with the ana-
lytical predictions presented in this paper and with the experimental results.
In order to capture this trend in the spectra the area under the main lobe,
normalised over a wide frequency range, was calculated. This value was then
plotted as a function of the particle size. There was good agreement between
the model predictions and the experimental data, and it clearly showed that
this approach can differentiate between different impacting particle sizes.
One of the assumptions in the model is that the curved vessel wall can
be approximated by a circular disc of finite extent. Hence the size of this
fictitious disc is arbitrary and it is therefore important to investigate the
sensitivity of the model’s output to this parameter. To this end a second set
of experiments were conducted using single particles dropped onto circular
plates of different radii. The area under the vibration response curve was
then plotted as this plate radius was varied and the results suggest that the
17
vibration spectrum is relatively insensitive to changes in the plate radius.
This is an important conclusion from the modelling perspective as it helps
to validate the assumption that the vessel wall can be viewed locally as
a flat circular plate. There was also good agreement between the model
and the experimental data, particularly at the smaller particle sizes. The
future development of this methodology will focus on the inverse problem
of recovering the particle size, or other system parameters of interest, from
experimental vibration spectra.
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